definitions.
Let M be a compact orientable 3-manifold. Let χ The following conjectures were put forward in [3] . According to Theorem 1.7 of [3] , either of these conjectures, together with a conjecture of Lubotzky and
Sarnak [4] about the failure of Property (τ ) for hyperbolic 3-manifolds, would imply the virtually Haken conjecture for hyperbolic 3-manifolds.
Heegaard gradient conjecture. A compact orientable hyperbolic 3-manifold has zero infimal Heegaard gradient if and only if it virtually fibres over the circle.
Strong Heegaard gradient conjecture. Any closed orientable hyperbolic 3- manifold has positive infimal strong Heegaard gradient.
Some evidence for these conjectures was presented in [3] . More precisely, suitably phrased versions of these conjectures were shown to be true when one restricts attention to cyclic covers dual to a non-trivial element of H 2 (M, ∂M ), to ( (1) M i is fibred for infinitely many i;
Proof.
(1) ⇒ (2). If some finite-sheeted coverM is fibred, then so is any finite cyclic cover M i ofM dual to the fibre. The normaliser
is bounded, and hence, so is their product. 
The proof
We start with a closed orientable 3-manifold M admitting a negatively curved Riemannian metric. We may assume that it is bumpy in the sense of [7] . Let κ < 0 be the supremum of its sectional curvatures. Pick a 1-vertex triangulation T of M . The edges of T , when oriented in some way, form a set X of generators for π 1 (M ). Let K be the 2-skeleton of the complex dual to T .
We will consider a collection {M i → M } of finite regular covers of M , having the properties of the Main Theorem. In particular, we will assume (at least) that
(Note that this is justified when proving Theorem (2), by passing to a subsequence.) The triangulation T and 2-complex K lift to T i and (1) and (3), and let x be χ sh − (M i ) when proving Theorem (2). In the proof of Theorem 3.1 in [3] , the following inequality can be found:
there is a constant k 1 > 0 independent of i such that the Cheeger constant h(X i ) of the graph
we deduce that 
The valence of each vertex is at most the maximal valence of an edge in T , k 3 , say. So,
Setting k 4 = k 2 k 3 /4, we have deduced the existence of a homologically non-trivial, transversely oriented, properly embedded surface S with |χ(S)| ≤ k 4 x and with no 2-sphere components. By compressing S and removing components if necessary, we may assume that S is also incompressible and connected. By a theorem of Freedman, Hass and Scott [2] , there is an ambient isotopy taking S to a minimal surface.
Set ǫ/2 to be the injectivity radius of M . This is then a lower bound for the injectivity radius of M i . Set
LetK be the lift of the 2-complex K to the universal cover of M . Let k 6 be the maximum number of complementary regions ofK within a distance k 5 of any point. Let Thus, there can be at most k 8 |χ(S)| such g.
Proof of Theorem (2). Let F be a strongly irreducible Heegaard surface in M i
with |χ(
By a theorem of Pitts and Rubinstein [5] , there is an ambient isotopy taking it either to a minimal surface or to the double cover of a minimal non-orientable surface, with a small tube attached. So, by Lemma 1, F intersects at most k 8 x complementary regions of K i . Hence, the number of copies of S that F intersects is at most (k 8 x)(k 8 k 4 x). This is less than The untelescoping construction has the effect that |χ(F j )| ≤ x for each j.
Hence, the modulus of the Euler characteristic of each component of F is at most
x. The untelescoping operation leaves unchanged the alternating sum of the Euler characteristics of the surfaces in the generalised Heegaard splitting. So,
Between F j and F j+1 , there lies compression bodies, and we may assume that none of these is a 3-ball or solid torus. For any compression body H, other than a 3-ball, solid torus or product, |∂H| ≤ for each j), either at least two intersect or one copy intersects F . In the former case, c 1 g j = c 2 g k , for some c 1 and c 2 in C, and for 1 ≤ j < k ≤ m. Hence,
In the latter case, c 1 g j = d for some c 1 in C and d in D, and so
, where q jk and p j are the maps 
This implies that
The right-hand side has order x 4 as i → ∞. However, x/ 4 √ d i → 0, which is a contradiction, proving the claim.
Consider these 9x/2 copies of S. Each lies in the complement of F , which is a collection of compression bodies. Since S is incompressible and connected, each copy of S must be parallel to a component of F . So, at least 3 copies of S are parallel, and at least 2 of these are coherently oriented. The proof is now completed by the following lemma. Proof. Let Y be the manifold lying between S and h(S). It is copy of S × I, with S and h(S) corresponding to S × {0} and S × {1}. Take a countable collection it is degree one and hence a homeomorphism, and that it surjects onto M i − S.
Therefore, M i is obtained by taking S × I and gluing its boundary components homeomorphically. So, it fibres over the circle with fibre S.
